Physical systems with non-trivial topological order find direct applications in metrology 1 and promise future applications in quantum computing 2, 3 . The quantum Hall effect derives from transverse conductance, quantized to unprecedented precision in accordance with the system's topology 4 . At magnetic fields beyond the reach of current condensed matter experiment, around 10 4 Tesla, this conductance remains precisely quantized but takes on different values 5 . Hitherto, quantized conductance has only been measured in extended 2-D systems. Here, we engineered and experimentally studied narrow 2-D ribbons, just 3 or 5 sites wide along one direction, using ultracold neutral atoms where such large magnetic fields can be engineered [6] [7] [8] [9] [10] [11] . We microscopically imaged the transverse spatial motion underlying the quantized Hall effect. Our measurements identify the topological Chern numbers with typical uncertainty of 5%, and show that although band topology is only properly defined in infinite systems, its signatures are striking even in nearly vanishingly thin systems.
condensed matter systems the edge-bulk correspondence allows the Chern number to be inferred from the quantized Hall conductivity σ H = C/R K , and in cold-atom experiments direct probes of the underlying band structure give access to the Chern number [16] [17] [18] . Both of these connections derive from the pioneering work of Thouless, Kohmoto, Nightingale, and den Nijs 5 , in the now famous TKNN paper. Going beyond these well known techniques, the TKNN paper showed that for rational flux Φ/Φ 0 = P/Q (for relatively prime integers P and Q) the integer solutions s and C to the Diophantine equation
uniquely 1 determine the Chern number C. We leveraged this result to determine the Chern number of our system.
We studied ultracold neutral atoms in a square lattice with a large magnetic flux per plaquette.
As pictured in Fig. 1a , our system consisted of a 2-D lattice that is extremely narrow along one direction, just 3 or 5 sites wide -out of reach of traditional condensed matter experiments, with hard wall boundary conditions: a ribbon. Our system was well described by the Harper-Hofstadter 
where j and m label lattice sites along e x and e s , with tunneling strengths t x and t s respectively. As shown in Fig. 1a , tunneling along e x was accompanied by a phase shift e iφm . Hopping around a single plaquette of this lattice imprints a phase φ, analogous to the Aharanov-Bohm phase, emulating a magnetic flux Φ/Φ 0 = φ/2π. We implemented this 2-D lattice by combining a 1-D optical lattice defining sites along an extended direction e x , with atomic spin states forming lattice sites along a narrow, synthetic 9-11 direction e s .
This system exhibits a Hall effect, where a longitudinal force F -analogous to the electric force eE in electonic systems -drives a transverse 'Hall' current density j ⊥ = σ H E for non-zero Φ/Φ 0 . A longitudinal force F x would drive a change in the dimensionless crystal momentumh∆q x /hG and a transverse displacement ∆m, giving a dimensionless Hall conductivity N G∆m/∆q x = σ H R K =σ H , where G is the reciprocal lattice constant and N is the number of carriers per plaquette (see Methods). Starting with Bose-condensed atoms in the lattice's ground state (with transverse density shown in Fig. 1a) we applied a force along e x and obtained ∆m from site resolved density distributions 18 along e s (Fig. 1b) 
Here,
Rb is the single photon recoil energy;hk L = 2πh/λ L is the single photon recoil momentum; and m Rb is the atomic mass. We induced tunneling along e s with strength t s = 6.9(4)t x with either a spatially uniform rf magnetic field or two-photon Raman transitions.
The rf-induced tunneling imparted no phase, giving φ/2π = 0. In contrast the Raman coupling, formed by a pair of counter propagating laser beams with wavelength λ R = 790 nm, imparted a phase factor of exp (−2ik R x). Here,hk R = 2πh/λ R is the Raman recoil momentum. Comparing with Eq. 2, this gives φ/2π ≈ 4/3. We then applied a force by shifting the center of the confining potential along e x , effectively applying a linear potential. Using time-of-flight (TOF) techniques 10 ,
we measured hybrid momentum/position density distributions n(k x , m), a function of momentum along e x and position along e s , as seen in Fig. 1c-d .
We measured the Hall conductivity beginning with a BEC at q x (t = 0) = 0 in the lowest band with transverse positionm 0 = 0 (see Methods). Fig. 2a shows the band structure of our system as a function of crystal momentum along e x , with color indicating the modal position along e s .
We applied a force F x for varying times ∆t, directly changing the longitudinal crystal momentum from 0 to a final q x and giving a transverse Hall displacement from 0 to a finalm. Figure 2b shows a collection of hybrid density distributions, where each column depicts n(k x , m) for a specific final The red curves in Fig. 2c show the expected behavior for our 5-site wide system for adiabatic changes in q x , always within the lowest band (Fig. 2a) , i.e., Bloch oscillations. This theory predicts a nearly linear slope for small q x sharply returning tom = 0 at the edges of the Brillouin zone.
A linear fit to this theory producesσ H ≈ 0, 0.6, and −0.6 for zero, negative and positive flux respectively, far from the Chern number. This discrepancy is resolved by recalling that Bloch oscillations require adiabatic motion, and the band gaps at the edge of the Brillouin zone close as the ribbon width grows, making the Bloch oscillation model inapplicable. The departure of the data from the adiabatic theory at the edges of the Brillouin zone indicates a partial break down of adiabaticity was present in our data.
To better identify Chern numbers, we relate the Diophantine equation (Eqn. 1) to the physical processes present in our system. Although the Hofstadter Hamiltonian in Eqn. 2 is only invariant under m-translations that are integer multiples of Q , a so-called "magnetic-displacement" by ∆m = 1 accompanied with a crystal momentum shift ∆q x /2k R = P/Q leaves Eqn. 2 unchanged.
Together, these symmetry operations give a Q-fold reduction of the Brillouin zone along e s , and add a Q-fold degeneracy, as illustrated in Fig. 3a for Φ/Φ 0 = 0, 1/3, and 2/5. Recalling that the Brillouin zone is 2hk L periodic along e x , it follows that a displacement by 2k L /Q to the nearest symmetry related state involves an integer C magnetic displacements, shown in Our direct microscopic observations of topologically driven transverse transport demonstrate the power of combining momentum and site-resolved position measurements. With interactions, these systems are predicted to give rise to complex phase diagrams supporting vortex lattices and charge density waves [24] [25] [26] . Realizations of controlled cyclic coupling giving periodic boundary conditions 9 along e s could elucidate the appearance of edge modes as the coupling between two of the three states is smoothly tuned to zero. In addition, due to the non-trivial topology as well as the low heating afforded by synthetic dimensional systems, a quantum Fermi gas dressed similarly to our system would be a good candidate for realizing fractional Chern insulators 27 .
Methods
Experiment We created nearly pure 87 Rb BECs in a crossed optical dipole trap 10 We define the modal positionm as the center of a Gaussian fit to the population distribution along e s .
Rf correction.
In experiments where the tunneling along e s was induced by a uniform rf magnetic field (Φ/Φ 0 = 0), our loading procedure had remnant non-adiabaticity that led to temporal oscillations in the fractional populations in different m states at the 40% level. To separate the effects due to this non-adiabaticity from transverse transport, we performed the experiment with identical preparations without applying the longitudinal force. We then used the observed oscillations as a function of time without an applied force as a baseline, and report the difference in fractional populations between that baseline and the cases where the force was applied.
Hall conductivity The current density can be expressed as j ⊥ = n 2D v ⊥ e, where n 2D is the 2-D charge carrier density, v ⊥ is the transverse velocity and e is the electron charge. Using σ H E = 
Figure 1 | Quantum Hall effect in Hofstadter ribbons. a. 5-site wide ribbon with real tunneling coefficients along e s and complex tunneling coefficients along e x , creating a non-zero phase φ around each plaquette. b. After applying a force along e x for a time ∆t, atomic populations shift transversely along e s , signaling the Hall effect. c,d. TOF absorption images giving hybrid momentum/position density distributions n(k x , m). Prior to applying the force c, the m = 0 momentum peak is at k x = 0, marked by the red cross. Then, in d, the force directly changed q x , evidenced by the displacement ∆q x of crystal momentum, and via the Hall effect shifted population along e s . Gray circles depict the measurements; black dashed lines are the prediction of our simpleσ H and red curves are the expectation from the band structure of our thin ribbon. As discussed in the methods, the Φ/Φ 0 = 0 data was compensated to account for non-adiabaticity in the loading procedure. 
